Decomposing Rd into finitely many semigroups  by Kemperman, J.H.B.
mDecomposing Rd into finitely many semigroups* 
by J.H.B. Kemperman 
Department of Mathematics, University of Rochester, Rochester, N. Y. 14627, U.S.A. 
Communicated at the meeting of September 30, 1985 
ABSTRACT 
We determine the precise structure of those (additive) semigroups in Rd which belong to at least 
one partition of Rd into finitely many disjoint Bore1 measurable semigroups. 
We also find the structure of the convex sets in Rd which belong to some partition of Rd into 
finitely many disjoint convex sets. 
1. INTRODUCTION 
Let X be a linear space. A convex subset K of X will be said to be basic if 
it is a member of a partition of Xinto finitely many disjoint convex sets. Equi- 
valently, KC =X/K can be written as the union of finitely many convex sets, 
not necessarily disjoint. Hence, the intersection of two basic convex sets is again 
a basic convex set. 
- Theorem 1 presents a precise description of the structure of a finite dimen- 
sional basic convex set. 
Using this result, we further determine the precise structure of those additive 
semigroups in Rd which belong to some decomposition of Rd into finitely 
many disjoint additive semigroups Ki satisfying a mild regularity condition, 
such as KinL being Lebesgue measurable (in the one-dimensional sense) for 
each straight line L through the origin. 
* This research was supported in part by the National Science Foundation. 
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2. DEFINITIONS AND RESULTS 
In the present paper, all linear and affine spaces are over the reals and will 
be finite dimensional. By a semigroup we mean a subset S of a linear space such 
that x,y~:S imply x+yeS. 
We will be interested in partitions 
(2.1) Rd=K&JK, u . . . UK, 
of Rd into finitely many (mutually disjoint) semigroups Kj. A semigroup Kin 
Rd will be said to be basic (in Rd) if it can occur as a member K, = K of some 
such partition. 
The case r = 1 arises naturally in the usual Wiener Hopf type approach to a 
general random walk in Rd, see [I], [2] and [3]. An instructive example with 
r= 1 and dr3 is 
(2.2) 
K,={x:x,>O; or x1=0, x,>O; or x1=x,=0, xs>O}; 
K,=(x:xl<O; or x1=0, x2<O; or x,=x2=0, x310}. 
Here, X=(X,, . . . . xd) with XiER. 
If n > d one may identify Rd with the linear subspace 
Ko={x:xi=O for d<isn} 
of R”. We claim that a subsemigroup S of K. is basic in the linear space K. 
(essentially Rd) if and only if it is basic in R”, showing that the property of S 
being basic is an intrinsic property of S. 
It clearly suffices to prove that the subspace K. itself is a basic semigroup (in 
R”). In fact, R” is the disjoint union of the three semigroups K, , K. and K- . 
Here, K, (or K- , respectively) will be defined as the set of all XE R” such 
that, for some d<ksn, one has xi=0 for d<i<k and further +>O, (or 
xk < 0, respectively). 
Let f : R+R be a non-measurable additive function cf(u + u) =f(u) +f(o) for 
u, u E R) and let t E { 1,2,3). Replacing in (2.2) the coordinate xl by f(xt), one 
arrives at a partition of Rd into disjoint semigroups K,, and Kl neither of which 
is Bore1 measurable. Note that the Kj would still be measurable relative to 
d-dimensional Lebesgue measure when t = 2 or 3. 
DEFINITION. Consider the following properties of a partition (2.1) of Rd into 
finitely many disjoint semigroups Kj. 
Qt : To each open half ray L with endpoint 0 there corresponds an index 
0 s is r with pL(Kj n L) > 0. Here, pL denotes inner one-dimensional Lebesgue 
measure on L. Note that the semigroups K$TL have their union equal to L. 
Qz: For each open half ray L with endpoint 0, all sets Kin L (OS is r) are 
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(Lebesgue) measurable relative to pL. It would be sufficient that each Ki be 
Bore1 measurable. 
Qs: Each semigroup Ki is a convex cone. 
LEMMA 1. The properties Q1, Q2 and Q3 are equivalent. 
The proof is in Section 3. In the present paper, a convex cone will be defined 
as a subset K of a linear space such that x, y E K and A > 0 imply x +y E K and 
Ixe K. Note that we do not require that 0 EK. Clearly, a convex cone is a 
special kind of semigroup. 
The above (equivalent) properties of a partition (2.1) will be referred to as 
property Q. The corresponding component semigroups Ki will be referred to as 
regular basic semigroups. 
In fact, from property Qs, a regular basic semigroup is nothing but a basic 
convex cone in the sense of the following definition. And a main purpose of 
the present paper is to show that all such basic convex cones have a rather 
simple structure. In particular, they are always Bore1 measurable. 
DEFINITION. Let X be a finite dimensional linear space and let K be a convex 
cone in X. We will say that K is a basic convex cone (in X) if K is a member 
KO = K of some partition 
(2.3) X=KOUK,U . . . UK, 
of X into finitely many disjoint convex cones Ki. 
Equivalently, the convex cone K is a basic convex cone if and only if 
KC = X/K is the union of finitely many convex cones Ki (i E I). The latter cones 
Ki need not be disjoint since one can always replace the Ki by the disjoint 
collection of all minimally non-empty intersections KJ= n isJ , where JCZ, 
each of which is a convex cone. 
Each linear subspace Y of X is a basic convex cone, as follows from the 
remark following (2.2); one can even realize (2.3) with K,= Y and rr2. 
DEFINITION. Let X be a finite dimensional affine space and let K be a convex 
subset of X. We will say that K is a basic convex set (in X) if it is a member 
KO = K of some partition (2.3) of X into finitely many convex sets. This is the 
same as KC=X/K being the union of finitely many not necessarily disjoint 
convex sets. 
LEMMA 2. (i) Suppose Ki (i= 1, . . . , m) are finitely many basic convex sub- 
sets of the affine space X. Let further 
B= ; Ki; C= Icj Ki. 
i=I i=l 
Then also B is a basic convex set and even C, provided C is convex. 
(ii) Suppose Ki (i= 1, . . . . m) are finitely many basic convex cones in the 
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linear space X and let B, C be as above. Then also B is a basic convex cone and 
even C, provided C is a convex cone. 
PROOF OF (i). It is given that Ki is convex while Kf is the union of finitely 
many convex sets Kij, (i= 1, . . . . m). Hence, B is convex such that BC is the 
union of the finitely many convex sets Ku (all i and j), showing that B is a 
basic convex set. Similarly, Cc is the union of the finitely many convex inter- 
sections K,,i, fl . . . fl Km,im. The proof of (ii) is entirely analogous. 
REMARK. Let X be a linear space and let K be a convex cone in X. If K is 
basic as a convex cone then, obviously, K is also basic as a convex set. We claim 
that the converse is also true. 
PROOF. Suppose the convex cone K is basic as a convex set. Hence, KC is the 
union of the finitely many convex sets Ki. But since K is a cone we have that 
KC is invariant under multiplication by a positive scalar. Therefore, KC is also 
the union of the finitely many convex cones Li= {ax:x~ Ki, a> 0}, showing 
that K is also basic as a convex cone. 
Let X be an affine space. Any affine subset Y of X is a basic convex set (and 
one can again attain rS2; see the remark following (2.2)). It follows that a 
convex subset K of X is a basic convex set (in X) if and only if K is a member 
K,= K of some partition 
(2.4) aff(K)=KcUKiU . . . UK, 
of aff(K) into finitely many disjoint convex sets, (showing that ‘basic convex 
set’ is an intrinsic property of K). Equivalently, if and only if aff(K)/K is a 
finite union of not necessarily disjoint convex sets. If X is linear and K=K, 
happens to be even a convex cone then the Ki in (2.4) can also be chosen so as 
to be convex cones. 
By the way, the affine span of a convex subset A of an affine space can 
typically be described as the set of all points 
z=ax+(l-a)y, where x,yeA; aER. 
As will be shown, the sets described in the following definition are the essential 
building blocks of a basic convex set or a basic convex cone, respectively. 
DEFINITION. Let X be an affine space and let K be a convex subset of X. We 
will say that K is an open polyhedral convex set relative to X if K can be ex- 
pressed as the intersection of finitely many open half spaces Hi, . . . , H, of X; 
if m=O then K=X. 
Such a special convex set K is also a basic convex set. Namely, one can attain 
(2.3) with K,, = K and r = m, by choosing 
Ki=H~fIHzfl . ..nlY-lr)Hf. (i=l,..., m). 
Suppose the space X is linear and K is even a convex cone. Then the above 
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half spaces Hj can be chosen so as to have the origin on their boundary and 
the special convex cone on hand will be called an open polyhedral convex cone 
relative to X. It is also a basic convex cone. 
We will say that a convex subset K of the affine space X is a relatively open 
polyhedral convex set if either K is empty or else K is an open polyhedral convex 
set relative to aff(K). Again each such set K is a basic convex set. 
Important examples are: a l-point set {x}; a finite or half infinite or doubly 
infinite line interval without endpoints; an open polygonal convex set in the 
plane such as an open triangle. 
If X is linear and K is a convex cone in X then K is said to be a relatively 
open polyhedral convex cone if either K is empty or else K is an open polyhedral 
convex cone relative to aff(K). This is actually equivalent to the cone K being 
a relatively open polyhedral convex set. 
DEFINITION. A convex subset K of the affine space X is said to be an elemen- 
tary convex set if K can be represented as the union of finitely many disjoint 
convex sets, each of which is a relatively open polyhedral convex set, (hence, 
it is Bore1 measurable). Note that only special unions of this type are convex 
sets. From Lemma 2, each elementary convex set is also a basic convex set. 
A convex cone Kin a linear space X is said to be an elementary convex cone 
if K can be represented as a disjoint union of finitely many relatively open 
convex cones. From Lemma 2, such a cone is also a basic convex cone. 
THEOREM 1. Let K be a convex subset of the finite dimensional affine space 
X. Then in order that K be a basic convex set, it is necessary and sufficient that 
K be an elementary convex set. 
It only remains to show that each basic convex set is an elementary convex 
set. The proof of Theorem 1 is in Section 3. An obvious modification of that 
proof yields the following Theorem 2. On the other hand, Theorem 2 is also 
an easy consequence of Theorem 1, see Remark 2 below. 
THEO,REM 2. Let K be a convex cone in the finite dimensional linear space X. 
Then in order that K be a basic convex cone, it is necessary and sufficient that 
K be an elementary convex cone. 
COROLLARY. Let X be a finite dimensional linear space and let S be an addi- 
tive semigroup in S. Then in order that S be a regular basic semigroup it is 
necessary and sufficient that S be an elementary convex cone. 
REMARK 1. Let X be a finite dimensional affine space. Expressing an elemen- 
tary convex subset of X in terms of the smallest possible number of relatively 
open polyhedral convex sets, one easily arrives at the following equivalent, and 
perhaps more intuitive, inductive definition of an elementary convex set. 
(i) The empty set is the unique elementary convex set of dimension - 1. 
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(ii) The l-point sets (x} (xcX) are precisely all the elementary convex sets 
of dimension 0. 
(iii) Let K be a non-empty convex subset of X and put 
Y = aff(K); d = dim( Y). 
Let further K” be the (non-empty) interior of K relative to Y. Then K is an 
elementary convex set of dimension d if and only if: 
(a) The relative interior K” is a polyhedral convex set. Let F,, . . . , F, be the 
(d- 1)-dimensional hyperplanes in Y corresponding to the finitely many faces 
of the polyhedron cl (K’). If m = 0 then K=K’= Y. 
(b) If m 11 (thus dz 1) then the convex sets Fin K (i = 1, . . . , m) are elemen- 
tary convex sets (of dimension Id- 1; but they need not be disjoint). 
REMARK 2. Let K be a convex subset of the finite dimensional affine space X. 
One can represent K as a disjoint union of relatively open convex sets K(x), 
(which in general are not polyhedral and may be uncountable in number). 
Namely, for each XE K, define K(x) as the union of all open line segments 
containing the point x (in their interior). Two such sets K(x) and K(y) are either 
disjoint or equal. By ‘relatively open’ we mean that K(x) is open relative to its 
affine span. 
For a convex set K, let us consider the three properties: 
(i) There are only finitely many different sets K(x). 
(ii) Each set K(x) is a relatively open polyhedral convex set. 
(iii) The convex set K is an elementary convex set. 
It is not difficult to show that (ii) and (iii) are equivalent and further that (ii) 
implies (i), (but not conversely; e.g., take K as any open non-polyhedral convex 
set). 
If X is linear and K is a convex cone then K(x) is always a convex cone. 
Hence, a convex cone is an elementary convex cone if and only if it is an ele- 
mentary convex set. From the Remark preceding (2.4), the same is true when 
‘elementary’ is replaced by ‘basic’. It follows that Theorem 2 is merely a special 
case of Theorem 1. 
REMARK 3. Analogous to Remark 1, one has the following equivalent induc- 
tive definition of the notion of an elementary convex cone (or, equivalently, a 
regular basic semigroup) in a finite dimensional linear space X. 
(i) The empty set is an elementary convex cone of dimension - 1. 
(ii) The set (0) is the unique elementary convex cone of dimension 0. 
(iii) The elementary convex cones of dimension 1 in X are the straight lines 
through 0 (subspaces of dimension 1) and further the open and closed half lines 
having 0 as an endpoint. 
(iv) Let K be a non-empty convex cone in X and put Y= aff(K) and 
d = dim(Y). Let further K” be the (non-empty) interior of K relative to Y. 
Then Kis an elementary convex cone of dimension d if and only if the following 
are true. 
76 
(a) The relative interior K” is a polyhedral convex cone (which is open 
relative to Y= aff(K)). Let Fr, . . . . F,,, be the (d- 1)-dimensional faces of the 
polyhedral cone cl (K’). If m = 0 then K=K” = Y. 
(b) If mrl (thus dzl) then the convex cones F,(IK (i= 1, . . ..m) are 
elementary convex cones of dimension Id- 1; (but they need not be disjoint). 
3. PROOFS 
PROOF OF LEMMA 1. It is obvious that Q3 implies Q2 and that Qz implies Q,. 
It only remains to show, assuming property Qr , that each of the Ki is a convex 
cone (property Q3). Here, the Ki are disjoint (additive) semigroups with union 
Rd. Let L be a fixed open half ray with endpoint 0. We must prove that L 
is entirely contained in one of the Ki, (in which case it is disjoint from the 
other Kj). 
The semigroup L is the union of the finitely many disjoint semigroups 
,S,=K,nL. By property Qr, one of these, S, (say), has a positive inner one- 
dimensional Lebesgue measure. It follows that the subset S, + S, of S, contains 
a non-empty open subinterval of L. This in turn implies that all but a bounded 
part B of L belongs to the semigroup S,. We only need to show that B is 
empty. 
Consider a point x E B C L. Since x $ S, one has x E S, for some k # t. Since 
S, is a semigroup, this implies that AXE&, thus, nx$S, for each positive 
integer n. On the other hand, since x#O, we have for n sufficiently large that 
nx$ B, hence, ~ZXE S, and we have a contradiction. 
PROOF OF THEOREM 1. Let X be a finite dimensional affine space and let K 
be a given convex subset of X. 
Suppose first that K is an elementary convex set, that is, K can be represented 
as a finite union of disjoint relatively open polyhedral convex sets. Each of the 
latter sets is a basic convex set, hence, from Lemma 2, also the convex set K 
itself. 
Conversely, suppose that K is a basic convex set. We want to prove that then 
K is also an elementary convex set. The proof will be by induction relative to 
the dimension 
d = dim(K) = dim(Y), where Y = aff(K). 
If d= - 1 then K is empty. If d= 0 then K consists of a single point. In both 
cases, K is an elementary convex set. 
Thus, we may assume that dz 1 and, moreover, that each basic convex set 
of dimension 5 d - 1 is necessarily an elementary convex set. Since K is a basic 
convex set, there exists a partition 
(3.1) Y=KoUK,U 1.. UK, with Ko= Y 
and the Kj as finitely many disjoint convex subsets of Y. One may assume that 
the integer r-20 is minimal, hence, the Kj are non-empty. 
In the sequel, the affine space Y will be kept fixed and terms such as 
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open, interior, hyperplane, half space etc. will all be relative to Y. Further 
K” = int(K) will denote the interior of K (relative to Y). It is non-empty since 
dim(K) = dim(Y). 
If r= 0 then K = K. = Y is obviously an elementary convex set, thus, one may 
assume that rll. Forj= 1, . . . . r, let Hj be a hyperplane (in Y) which separates 
the convex set K= K. with non-empty interior K” from the non-empty convex 
set Kj. Let HT be the associated open half space (in Y) which contains the 
interior K” of K. Let 
(3.2) _ L’=Hyn . . . flH;. 
Then Lo is a polyhedral convex set, which is open relative to Y, and contains 
the interior K” of K. 
We assert that K” = Lo. It suffices to show that LOCK, for, then L°C K”. 
On the contrary, suppose x E Lo can be found such that x$ K. From (3. l), 
there exists an index 1 rj<r with XE Kj. This would imply that x@ Hj and 
thus xeL” which is a contradiction. 
Since int(K) = K” = Lo is a polyhedral convex set which is open relative to Y, 
it only remains to show that K/K0 is an elementary convex set, that is, a finite 
disjoint union of relatively open polyhedral convex sets (of dimension 5 d- 1). 
However, it is somewhat more convenient to employ the inductive definition of 
‘elementary convex set’ stated in Remark 1 following Theorem 2. 
Namely, let F,, . . . , F,,, be the (d- I)-dimensional hyperplanes in Y corre- 
sponding to the finitely many faces of the polyhedron cl (K) = cl (K’). From 
the definition in Remark 1, it suffices to show that each set F,flK is an ele- 
mentary convex set. In view of our induction assumption, it suffices to show 
that each convex set Fin K is a basic convex set. But the latter is obvious since 
(3.1) implies that the affine space Fi can be written as the disjoint union of the 
convex sets FinKj u=O, 1, . . ..r). where FjflKo=FinK. 
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